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All	
  roads	
  lead	
  to	
  Rome	
  Pixelizing	
  the	
  sphere:	
  HEALPix	
  

healpix.jpl.nasa.gov	
  
	
  

Górski,	
  Hivon,	
  BDW	
  1999;	
  Górski	
  et	
  al	
  2005	
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•  Hierarchical	
  grid	
  enables	
  adap(ve	
  refinement	
  
•  Equal	
  Area	
  pixels:	
  approximately	
  uniform	
  coverage	
  on	
  the	
  

sphere,	
  good	
  quadrature	
  proper(es	
  
•  Equal	
  La(tude	
  rings:	
  fast	
  SHTs	
  in	
  O(L3)	
  ops	
  for	
  bandlimit	
  L	
  
•  Symmetries:	
  simplifies	
  code	
  and	
  allows	
  compressing	
  

distance	
  graph	
  between	
  pixels	
  
•  Analy(c	
  descrip(on	
  of	
  pixel	
  boundaries	
  
	
  

HEALPix:	
  an	
  all-­‐purpose	
  pixeliza(on	
  



Are	
  you	
  spending	
  a	
  lot	
  of	
  (me	
  
calcula(ng	
  convolu(ons	
  on	
  the	
  

sphere?	
  
	
  
•  Object	
  detec(on	
  
•  PDE	
  solver	
  (pseudo-­‐spectral	
  methods)	
  
•  Op(mal	
  filtering	
  
•  Simula(ng	
  random	
  fields	
  on	
  the	
  sphere	
  
•  Wavelet	
  decomposi(ons	
  (including	
  asymmetric,	
  steerable)	
  
•  Op(cal	
  smoothing	
  in	
  simula(ons	
  
•  Power	
  spectrum	
  inference,	
  Wiener	
  filtering:	
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The	
  outcome	
  of	
  a	
  spherical	
  
convolu(on	
  is	
  a	
  func(on	
  over	
  SO(3)	
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Accelera(ng	
  spherical	
  convolu(on	
  
In	
  general,	
  convolu(on	
  on	
  the	
  sphere	
  can	
  be	
  wricen	
  as	
  

They	
  key	
  step	
  leading	
  to	
  massively	
  accelerated	
  convolu(on	
  
is	
  the	
  factorisa(on	
  of	
  the	
  rota(on	
  operator	
  (Risbo	
  1996)	
  

This	
  expression	
  takes	
  of	
  order	
  L5	
  
opera(ons	
  to	
  compute:	
  



Convolu(on	
  Coordinates	
  

This	
  factorisa(on	
  corresponds	
  to	
  
moving	
  the	
  beam	
  into	
  place	
  
using	
  two	
  successive	
  rota(ons.	
  



Accelera(ng	
  spherical	
  convolu(on	
  II	
  

The	
  special	
  property	
  of	
  this	
  factorisa(on	
  is	
  that	
  the	
  Fourier	
  transform	
  
of	
  the	
  convolu(on	
  takes	
  only	
  O(L4)	
  opera(ons	
  to	
  compute!	
  

There	
  are	
  special	
  cases	
  which	
  reduce	
  to	
  O(L3):	
  

1)	
  Basic	
  Scan	
  Paths	
  (Ring	
  Torus)	
   2)	
  Azimuthally	
  symmetric	
  beam	
  	
  
	
  reduces	
  to	
  standard	
  formula	
  

3)	
  Low-­‐order	
  beam	
  asymmetries	
  M'<<L	
  

p
2l + 1

Wandelt	
  &	
  Gorski	
  2000,	
  arXiv:astro-­‐ph/0008227	
  



Example:	
  Schlegel-­‐Finkbeiner-­‐Davis	
  model	
  of	
  dust	
  emission	
  at	
  100GHz	
  	
  
convolved	
  with	
  highly	
  asymmetric	
  physical	
  beam	
  model	
  











Central	
  (main)	
  beam	
  



Basic	
  Scan	
  Path	
  	
  













































Main	
  beam	
  convolu(on	
  



Main	
  beam	
  convolu(on	
  



Far-­‐side	
  lobe	
  convolu(on	
  



Far-­‐side	
  lobe	
  convolu(on	
  



Polariza(on	
  and	
  higher	
  spin	
  	
  
just	
  worksTM	
  

•  Everything	
  generalizes	
  to	
  polarized	
  skies	
  and	
  beams	
  (and	
  
arbitrary	
  tensor	
  fields	
  on	
  the	
  sphere).	
  	
  

A.	
  Challinor,	
  P.	
  Fosalba,	
  M.	
  Ashdown,	
  	
  
B.	
  D.Wandelt,	
  K.	
  Gorski	
  2000	
  astro-­‐ph/0008228	
  



Summary:	
  SO(3)	
  and	
  the	
  3-­‐torus	
  
•  For	
  opera(ons	
  involving	
  

SO(3)	
  represent	
  in	
  
terms	
  of	
  mode	
  
func(ons	
  on	
  the	
  3-­‐torus	
  

•  This	
  gives	
  	
  
–  A	
  fast	
  general	
  
convolu(on	
  algorithm	
  
for	
  arbitrary	
  func(ons	
  
(Wandelt	
  &	
  Gorski	
  2000,	
  
arXiv:astro-­‐ph/0008227)	
  

–  An	
  exact	
  fast	
  transform	
  
and	
  sampling	
  theorem	
  
on	
  the	
  sphere	
  for	
  spin-­‐s	
  
spherical	
  harmonics	
  
(Huffenberger	
  &	
  BW	
  2010	
  ;	
  
improved	
  by	
  a	
  factor	
  of	
  2	
  by	
  J.	
  
McEwen	
  &	
  Wiaux	
  2011)	
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Other	
  convolu(on	
  fun	
  

•  GPU	
  accelerated	
  convolu(on	
  for	
  compact	
  
kernels	
  	
  

•  Hybrid	
  GPU+CPU	
  algorithm	
  for	
  non-­‐compact	
  
convolu(on	
  kernels	
  

•  Compressed	
  convolu(on	
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Standard	
  spherical	
  convolu(on	
  
algorithm	
  

SYMMETRIC KERNEL CONVOLUTION ON THE SPHERE

BENJAMIN D. WANDELT

1. Motivation and Goals

The simulation and analysis of cosmological data sets, such as maps of the cosmic
microwave background (CMB) require smoothing of a pixelized map by a radial (i.e.
azimuthally symmetric) kernel on the sphere.
The goal is to implement this operation in a fast and su�ciently accurate way.
Current practice in CMB data analysis is the nearly exclusive use of the fast

spherical harmonic transform (FSHT) to implement the symmetric kernel sum. We
will argue that this is not always the fastest or the most accurate approach.
In what follows I will ignore recent methods implementing divide-and-conquer

schemes for fast transforms on non-Abelian groups. While their the asymptotic
scaling of CPU time with problem size is better than the FSHT, they are not practical
for the problem sizes relevant to high-resolution all-sky CMB data analysis (with
`

max

⇠ 4000) either owing to the large amounts of Random Access Memory (RAM)
needed to store precomputed information or to the large prefactor which make actual
implementations slower than algorithmically simpler approaches.
This is not to be considered a draft of a single paper, rather an evolving and

growing set of ideas each one of which may or may not work out. Therefore the
number of papers to be derived from these notes is almost certainly larger than 0
and hopefully larger than 1.

2. Definitions and notation

It is useful to state the ”platonic ideal” of what is to be accomplished. Given a
rough map r we would like to calculate the smooth map

(1) s(n
1

) =

Z

S2

K(n
1

,n
2

)r(n
2

)d2n
2

,

where n denotes a unit vector on the sphere. For a symmetric (or radial) ker-
nel K(n

1

,n
2

) = K(n
1

.n
2

). We introduce the short hand notation p.q ⌘ np.nq =
cos (^(np,nq))., so K(n

1

,n
2

) = K(1.2).
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A band-limited function on the sphere can be defined in spherical harmonic space
by specifying a set of spherical harmonic coe�cients a`m for all ` from zero up to
bandlimit `

max

. Unless otherwise stated sums are over all non-zero terms. With the
Legendre transform convention

(2) K` = 2⇡

Z
1

�1

K(z)P`(z)dz

the kernel can be expanded in terms of Legendre polynomials as

(3) K(p.q) =
X

`

2`+ 1

4⇡
K`P`(p.q).

We take as given that the kernel has the same band-limit as the input map. Recalling
the addition theorem for spherical harmonics Y`mp ⌘ Y`m(np)

(4)
X

m

Y`mpY
⇤
`mq =

2`+ 1

4⇡
P`(p.q)

we obtain

(5) o`m = K` r`m.

This equation is exact if the r`m are known. In many cases of interest, however,
the map will be available in a sampled or pixelized representation with a number of
pixels n

pix

. In this case, estimating the r`m from the sampled representation may
introduce quadrature error. We will keep this in mind for the discussion of accuracy
in the next section.

3. Methods

In the following subsections I list all the ways of implementing radial kernel sums on
the sphere that I can think of. Speed can come from the following sources: 1) reducing
the prefactor for the time critical part; 2) reducing the scaling for the time critical
part; 3) taking advantage of parallel execution architecture such as GPU acceleration;
4) approximating the kernel sum. I will discuss for each approach the approximations
involved, the CPU time, memory bandwidth and memory requirements, and promise
for parallelization.

3.1. Direct sum. The direct sum follows from a straightforward discretization of
Eq. (1)

(6) sp =
X

q

K(p.q)rq.

It is easy to check that this approach will yield the same output map as Eq. (??)
where the ı`m are substituted by those estimated on the pixelization. In general this
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Kernel	
  convolu(on	
  

Legendre	
  decomposi(on	
  

For	
  radial	
  kernels	
   K(p,q) = K(p.q)

Scales	
  as	
  O(L3),	
  dominated	
  by	
  
spherical	
  harmonic	
  transforms	
  



Why	
  move	
  beyond	
  FSHT	
  convolu(on	
  
for	
  radial	
  kernels?	
  

•  Spherical	
  Harmonic	
  Transforms	
  are	
  hard	
  to	
  
parallelize	
  

•  For	
  high	
  resolu(on	
  problems	
  (Lmax>1024)	
  the	
  
recursions	
  for	
  the	
  spherical	
  harmonics	
  Ylm(n)	
  
need	
  to	
  be	
  computed	
  in	
  extended	
  double	
  
precision	
  to	
  avoid	
  underflows.	
  

•  Too	
  general	
  for	
  many	
  problems	
  –	
  does	
  not	
  
exploit	
  kernel	
  compactness	
  



Hybrid	
  convoluHon	
  
algorithm	
  idea:	
  avoid	
  
spherical	
  harmonic	
  
transform	
  

Generate	
  convolved	
  map	
  ring	
  
by	
  ring	
  using	
  batch	
  	
  
1-­‐D	
  FFTs	
  (CUDAFFT)	
  
	
  
The	
  figure	
  shows	
  the	
  
genera(on	
  of	
  one	
  output	
  ring.	
  
	
  
	
  
Hybrid	
  method	
  allows	
  
exploi(ng	
  kernel	
  compactness	
  
	
  
	
  
Scaling	
  to	
  convolve	
  en(re	
  map	
  
is	
  	
  
O(kernelwidth	
  npix	
  log(npix))	
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ARKCOS:	
  Speed-­‐up	
  
compared	
  to	
  SHT	
  
convoluHon	
  
Ler	
  axis:	
  	
  
HEALPix	
  SHT	
  implementa(on	
  
	
  
Right	
  axis:	
  
libsht	
  implementa(on	
  
(highly	
  op(mized)	
  
	
  
Arkcos:	
  	
  
Elsner	
  &	
  Wandelt	
  2011,	
  	
  
Astr.	
  &	
  Astrophys.	
  532,	
  A	
  35	
  
(arXiv:1104.0672)	
  
	
  
Example	
  at	
  nside	
  2048,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  5	
  x	
  107	
  pixels	
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Test	
  kernels	
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Accuracy:	
  map	
  diagnos(c	
  
RMS	
  accuracy	
  becer	
  than	
  0.0001	
  

Polar	
  region	
   Equatorial	
  region	
  



Accuracy:	
  Power	
  spectrum	
  
diagnosHc	
  
Smoothing	
  with	
  a	
  Gaussian	
  kernel	
  	
  
FWHM	
  1	
  degree	
  
	
  
Smoothed	
  map	
  
	
  
Difference	
  spectrum	
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GPU	
  
opHmizaHon	
  

GPU	
  profiler	
  data	
  

FFT	
  

kernel	
  evals	
  

ring	
  reduc(on	
  

other	
  

Minimize	
  memory	
  latency	
  
–	
  reach	
  over	
  80%	
  of	
  
theore(cal	
  peak	
  memory	
  
bandwidth	
  (144GB/s	
  out	
  
of	
  170	
  GB/s)	
  	
  
	
  
Exploit	
  high	
  level	
  of	
  data	
  
parallelism	
  
	
  
Instruc(on	
  level	
  
parallelism	
  
	
  
Use	
  op(mized	
  library	
  for	
  
batch	
  FFTs	
  (CUDAFFT)	
  
	
  
Use	
  single	
  precision	
  floats	
  
whenever	
  possible	
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Side	
  effect:	
  suppress	
  ringing	
  ar(facts	
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SHT	
  
convolu(on	
  

ARKCOS	
  
convolu(on	
  



Generaliza(on	
  to	
  non-­‐compact	
  kernels	
  

•  Split	
  kernel	
  into	
  two	
  parts:	
  	
  
•  one	
  that	
  is	
  compact	
  in	
  real	
  space	
  and	
  	
  
•  one	
  that	
  is	
  compact	
  spherical	
  harmonic	
  space	
  

•  Solve	
  op(miza(on	
  problem	
  to	
  choose	
  bandlimit	
  and	
  
kernel	
  footprint	
  for	
  the	
  split	
  to	
  maximize	
  predicted	
  
speed-­‐up	
  while	
  respec(ng	
  error	
  bound	
  

•  Then	
  perform	
  convolu(on	
  in	
  parallel	
  
–  SHT	
  on	
  CPU	
  
–  ARKCOS	
  on	
  GPU	
  

Ben	
  Wandelt,	
  IAP	
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(a) full kernel (b) di↵erence

Fig. 7.— (a) Map after convolving a uniform-noise input map with the full `-space kernel K`. (b) The di↵erence between the map in

panel (a) and the map constructed by summing the convolution outputs of the truncated `-space kernel bK` and the truncated real-space

kernel bK✓. For this example, the `-space kernel is truncated to `cut = 1500 and the real-space kernel to ✓cut = 2400.

(a) full kernel (b) l-space di↵erence (c) real-space kernel

Fig. 8.— (a) Five-degree patch of the map in Figure 7a. (b) Di↵erence between the map in panel (a) and the map produced by convolving

with the the truncated `-space kernel bK`. (c) Map created by convolving with the truncated real-space kernel bK✓. For this example, the
`-space kernel is truncated to `cut = 1500 and the real-space kernel to ✓cut = 2400.
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Fig. 9.— Estimated RMS error computed by scytale (Eq. 6)
with ↵ = 5 (red stars) versus actual RMS error in the maps pro-
duced by convolution with a uniform-noise map (green circles) and
the RMS error in the power spectra derived from those maps (blue
triangles). The lines do not represent data but are shown as visual
aids.

tity of interest is the derived power spectrum, we choose
to match those errors.

With all this in place we now turn to our scanning
strategy and results of our optimization study. We ex-
amine beams with 1-100 FWHM, which are most relevant
to the Planck mission (Mennella et al. 2011). Table 1
shows the optimum (`

cut

, ✓

cut

) pairs for five of the ten
beam sizes studied, assuming a maximum error bound
of 10�5. Below 60 we could not find suitable truncations
that still maintained our desired error bound. We see
that all truncations are essentially identical, indicating
that the ability to split these kernels is binary: either no
optimum truncations can be found, and that if optimum
truncations can be found they will be very aggressive.
For these beam sizes, the optimum `

cut

values that sat-
isfy the error bounds are significantly below `

max

, which
promise significant enhancements in performance.
We show in Figure 10 the speedup versus beam FWHM

for these beam sizes and our error bound of 10�5. We
define the scaling as the time to solution with our split
approach relative to the cost of applying the entire ker-
nel (i.e., up to `

max

) on the CPU with libpsht. Below
70, we find no optimum truncations and hence do not
show them. We see significant performance gains above
70, with the speedups plateauing in the range 12-15. This

5

(a) full kernel (b) di↵erence

Fig. 7.— (a) Map after convolving a uniform-noise input map with the full `-space kernel K`. (b) The di↵erence between the map in

panel (a) and the map constructed by summing the convolution outputs of the truncated `-space kernel bK` and the truncated real-space

kernel bK✓. For this example, the `-space kernel is truncated to `cut = 1500 and the real-space kernel to ✓cut = 2400.

(a) full kernel (b) l-space di↵erence (c) real-space kernel

Fig. 8.— (a) Five-degree patch of the map in Figure 7a. (b) Di↵erence between the map in panel (a) and the map produced by convolving

with the the truncated `-space kernel bK`. (c) Map created by convolving with the truncated real-space kernel bK✓. For this example, the
`-space kernel is truncated to `cut = 1500 and the real-space kernel to ✓cut = 2400.
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Fig. 9.— Estimated RMS error computed by scytale (Eq. 6)
with ↵ = 5 (red stars) versus actual RMS error in the maps pro-
duced by convolution with a uniform-noise map (green circles) and
the RMS error in the power spectra derived from those maps (blue
triangles). The lines do not represent data but are shown as visual
aids.

tity of interest is the derived power spectrum, we choose
to match those errors.

With all this in place we now turn to our scanning
strategy and results of our optimization study. We ex-
amine beams with 1-100 FWHM, which are most relevant
to the Planck mission (Mennella et al. 2011). Table 1
shows the optimum (`

cut

, ✓

cut

) pairs for five of the ten
beam sizes studied, assuming a maximum error bound
of 10�5. Below 60 we could not find suitable truncations
that still maintained our desired error bound. We see
that all truncations are essentially identical, indicating
that the ability to split these kernels is binary: either no
optimum truncations can be found, and that if optimum
truncations can be found they will be very aggressive.
For these beam sizes, the optimum `

cut

values that sat-
isfy the error bounds are significantly below `

max

, which
promise significant enhancements in performance.
We show in Figure 10 the speedup versus beam FWHM

for these beam sizes and our error bound of 10�5. We
define the scaling as the time to solution with our split
approach relative to the cost of applying the entire ker-
nel (i.e., up to `

max

) on the CPU with libpsht. Below
70, we find no optimum truncations and hence do not
show them. We see significant performance gains above
70, with the speedups plateauing in the range 12-15. This

Kernel	
  splitng	
  results:	
  15x	
  speed	
  up	
  



Compressed	
  convolu(on	
  reduces	
  
redundancy	
  for	
  large	
  filter	
  banks	
  

•  Problems	
  with	
  large	
  filter	
  banks:	
  
– "Con(nuous"	
  wavelet	
  expansion	
  	
  
– Searching	
  for	
  many	
  different	
  "objects"	
  (bubble	
  
collisions/textures	
  in	
  CMB	
  or	
  gravita(onal	
  wave	
  
templates	
  etc.)	
  of	
  unknown	
  size	
  	
  

– Simula(ons	
  of	
  CMB	
  observa(ons	
  from	
  102-­‐5	
  
different	
  detectors	
  	
  

Elsner	
  &	
  Wandelt	
  arXiv:	
  1312.3948	
  



•  For	
  an	
  arbitrary	
  set	
  of	
  kernels	
  	
  
•  One	
  can	
  expand	
  the	
  kernels	
  in	
  an	
  small	
  O(k)	
  
op(mal	
  basis	
  to	
  minimize	
  the	
  convolu(on	
  error	
  
of	
  all	
  the	
  outputs	
  

•  Convolve	
  with	
  the	
  kernel	
  basis	
  set	
  and	
  to	
  obtain	
  
a	
  compressed	
  convolu(on	
  output	
  

•  To	
  get	
  each	
  output	
  convolu(on	
  decompress	
  as	
  
needed	
  in	
  O(k)	
  opera(ons	
  per	
  output.	
  

Compressed	
  Convolu(on	
  



Construc(ng	
  the	
  basis	
  kernels	
  

•  Minimize	
  

for	
  a	
  fixed	
  number	
  k	
  of	
  basis	
  kernels.	
  By	
  Schur's	
  
theorem	
  they	
  are	
  the	
  first	
  k	
  eigenvectors	
  of	
  
	
  



Torus	
  representa(on	
  of	
  the	
  sphere	
  

•  What	
  are	
  the	
  best	
  basis	
  func(ons	
  to	
  represent	
  
func(ons	
  on	
  the	
  sphere?	
  

•  Standard	
  answer:	
  
	
   	
  Isotropy	
  =>	
  Spherical	
  Harmonics	
  

	
  
But	
  in	
  the	
  absence	
  of	
  fast,	
  high-­‐res	
  non-­‐Abelian	
  
transform	
  on	
  SO(3)	
  (and	
  maybe	
  even	
  more	
  
generally)	
  the	
  answer	
  is	
  not	
  as	
  clear	
  cut.	
  

15/07/14	
   B.	
  Wandelt	
  



Tools:	
  the	
  ring	
  torus	
  

15/07/14	
   B.	
  Wandelt	
   BW,	
  astro-­‐ph/0012416	
  	
  

•  Can	
  
represent	
  all	
  
or	
  part	
  of	
  the	
  
sphere	
  in	
  
terms	
  of	
  a	
  
torus	
  double-­‐
cover.	
  

•  Then	
  use	
  the	
  
obvious	
  
Fourier	
  basis.	
  



Fisher	
  matrix	
  
•  For	
  an	
  isotropic	
  signal	
  on	
  the	
  sphere,	
  the	
  likelihood	
  for	
  
the	
  power	
  spectrum	
  Cl	
  is	
  

•  	
  
The	
  Fisher	
  matrix	
  
is	
  very	
  useful	
  for	
  the	
  
Cramer-­‐Rao	
  bound	
  
ML	
  es(ma(on,	
  etc..	
  
	
  

•  But	
  cannot	
  compute	
  it!	
  O(lmax
6)	
  for	
  bandlimit	
  lmax	
  

15/07/14	
   B.	
  Wandelt	
  
	
  Tegmark	
  arXiv:astro-­‐ph/9611174	
  



Signal	
  correla(ons	
  on	
  the	
  ring	
  torus	
  

Signal	
  correlaHon	
  becomes	
  block	
  diagonal!	
  



Fisher	
  matrix	
  on	
  the	
  ring	
  torus	
  

•  Go	
  via	
  ring	
  torus	
  basis	
  –	
  amazing	
  property	
  

	
  the	
  deriva(ve	
  in	
  the	
  torus	
  basis	
  is	
  rank	
  1,	
  as	
  
opposed	
  to	
  rang	
  l	
  in	
  the	
  spherical	
  harmonic	
  
basis.	
  So	
  the	
  torus	
  basis	
  gives	
  a	
  more	
  compact	
  
representa(on	
  for	
  an	
  isotropic	
  signal	
  than	
  
spherical	
  harmonics!	
  

15/07/14	
   B.	
  Wandelt	
  

Franz	
  Elsner,	
  BW	
  	
  
arXiv:	
  1202.4898	
  
arXiv:	
  1205.0810	
  
	
  



Bayesian	
  power	
  spectrum	
  inference	
  

•  For	
  an	
  isotropic	
  signal	
  on	
  the	
  sphere,	
  the	
  
likelihood	
  for	
  the	
  power	
  spectrum	
  Cl	
  is	
  

•  But	
  cannot	
  compute	
  it!	
  O(lmax
6)	
  for	
  bandlimit	
  

lmax	
  .	
  For	
  Planck,	
  lmax=2500,	
  so	
  tCPU=	
  104	
  years,	
  
for	
  a	
  single	
  evaluaBon	
  

15/07/14	
   B.	
  Wandelt	
  



Gibbs	
  sampling	
  

•  Augment	
  the	
  model	
  with	
  the	
  signal	
  map	
  s	
  –	
  
adds	
  O(107)	
  parameters	
  

•  Gibbs	
  sampling	
  itera(vely	
  draws	
  from	
  the	
  
condi(onal	
  densi(es	
  P(s|d,	
  Cl)	
  and	
  P(Cl|s)	
  
with	
  a	
  acceptance	
  ra(o	
  1.	
  

•  This	
  is	
  possible	
  in	
  O(lmax
3)	
  opera(ons,	
  a	
  speed-­‐

up	
  of	
  ~109).	
  
•  Used	
  in	
  final	
  versions	
  of	
  WMAP	
  and	
  for	
  low-­‐ell	
  
Planck	
  analysis.	
  

Jewell,	
  Levin,	
  and	
  Anderson	
  (2004)	
  and	
  
Wandelt,	
  Larson	
  &	
  Lakshminarayanan	
  (2004)	
  



isotropic	
  Gaussian	
  
process	
  prior	
  

Gibbs	
  sampling	
  is	
  a	
  both	
  power	
  spectrum	
  
inference	
  and	
  non-­‐linear	
  Wiener	
  filter	
  

Ini(al	
  guess	
  of	
  
signal	
  covariance	
  

WF	
  map	
  

WF	
  map	
  +	
  fluctua(ons	
  

augment	
  missing	
  
fluctua(ons	
  from	
  

prior	
  

compute	
  power	
  
spectrum	
  	
  

construct	
  Wiener-­‐
filtered	
  map	
  



Fundamental	
  opera(on:	
  Wiener	
  Filter	
  

15/07/14	
   B.	
  Wandelt	
  

Sparse	
  in	
  Fourier	
  space	
   Sparse	
  in	
  pixel	
  space	
  

Not	
  sparse	
  in	
  any	
  easily	
  accessible	
  basis	
  



Usual	
  solu(on	
  strategies	
  

•  Itera(ve	
  conjugate	
  gradients	
  (op(mal	
  for	
  SPD	
  
matrices)	
  

•  Precondi(oner	
  (diagonal	
  in	
  Fourier	
  space,	
  
mul(-­‐grid)	
  

•  Problems:	
  
– For	
  Planck:	
  extremely	
  ill-­‐condi/oned,	
  condi(on	
  
number	
  >108	
  

– Precondi(oner	
  not	
  universal	
  
– Stability	
  issues	
  (Jacobi	
  smoother	
  in	
  mul(-­‐grid)	
  

15/07/14	
   B.	
  Wandelt	
  



Wiener	
  Filtering	
  without	
  
precondi(oner	
  

•  Introduce	
  auxiliary	
  field	
  (messenger	
  field)	
  t	
  with	
  
covariance	
  T.	
  Then	
  

	
  	
  
is	
  solved	
  by	
  the	
  Wiener	
  filter.	
  
	
  
Can	
  solve	
  each	
  of	
  these	
  equa(ons	
  exactly.	
  
Iterate.	
  Easy	
  to	
  show	
  that	
  this	
  converges	
  and	
  is	
  
uncondi(onally	
  stable.	
  

15/07/14	
   B.	
  Wandelt	
  

Elsner	
  &	
  Wandelt,	
  arXiv:1210.4931	
  



Wiener	
  Filtering	
  without	
  
precondi(oner	
  

•  Introduce	
  auxiliary	
  field	
  (messenger	
  field)	
  t	
  with	
  
covariance	
  T and	
  a	
  parameter	
  λ≥1.	
  Then	
  

	
  	
  
is	
  solved	
  by	
  the	
  Wiener	
  filter	
  for	
  λ=1.	
  
	
  
Can	
  solve	
  each	
  of	
  these	
  equa(ons	
  exactly.	
  
Iterate.	
  Easy	
  to	
  show	
  that	
  this	
  converges	
  and	
  is	
  
uncondi(onally	
  stable.	
  

15/07/14	
   B.	
  Wandelt	
  

Elsner	
  &	
  Wandelt,	
  arXiv:1210.4931	
  



Op(mal	
  reconstruc(on,	
  filtering	
  and	
  
constrained	
  realiza(ons:	
  
WMAP	
  temperature	
  data	
  

15/07/14	
   B.	
  Wandelt	
  

Mask	
   Reconstruc(on	
   Fluctua(on	
  

Elsner,	
  Wandelt,	
  arXiv:1210.4931	
  



Polariza(on	
  (WMAP	
  data)	
  

15/07/14	
   B.	
  Wandelt	
  

Stokes	
  Q	
   Stokes	
  U	
  Mask	
  

Elsner,	
  Wandelt,	
  arXiv:1210.4931	
  



The	
  messenger	
  Wiener	
  filter	
  works	
  
even	
  becer	
  for	
  3D	
  LSS	
  signal	
  

reconstruc(on	
  and	
  power	
  spectrum	
  
inference	
  	
  

8 Jens Jasche and Guilhem Lavaux

Figure 2. Marginalised posterior mean density (top panels) and variance (bottom panels) fields. The fields are estimated by taking the average over
80 000 samples of the posterior. The structure of those fields reflects the non-trivial survey geometry such as the one covered by the SDSS-DR7 main
galaxy sample. We show a slice through x = �750 h

�1Mpc (left panels), y = 0 h

�1Mpc (middle panels), z = 750 h

�1Mpc (right panels).

permits to perform larger steps in low-signal-to noise regimes
via a Metropolis Hastings transition step. The combination of
both approaches yields a covariance matrix sampler that is e�-
cient at all regimes, while only requiring the ability to generate
uni-variate random numbers.

In this fashion the task of jointly sampling a signal and
its covariance matrix can be addressed purely by a sequence of
uni-variate sampling processes.

In section 5 we exemplify the performance of our method
in a cosmological setting by applying it to a artificial galaxy
mock catalogue, described previously in section 4, aiming at
the joint inference of the three dimensional density distribution
and its cosmological power-spectrum from observations. This
artificial data set emulates dominant features of the Sloan Dig-
ital Sky Survey data release 7, in particular survey geometry,
selection e↵ects and noise, and thus constitutes a realistic test
scenario.

A particular important aspect, when dealing with Markov
Chain Monte Carlo algorithms, is the determination of their sta-
tistical e�ciency. As any Markov Chain Monte Carlo method
generates a sequence of correlated samples the amount of actu-
ally produced independent samples is limited by the total length
of the chain. In section 5.1 we therefore analysed the intra-
chain correlation length between subsequently generated sam-
ples of the cosmological power-spectrum. These test demon-
strates formidable statistical e�ciency for the proposed method
over the entire range of Fourier-modes present in the analysis.
Specifically these tests indicate that the proposed Markov algo-
rithm generates independent samples at every 50th iteration of

the Markov chain, where we chose one cycle to consists in ten
Markov transitions.

Section 5.2 discusses the results obtained by the pro-
posed Markov method. In particular, the method provides esti-
mates for the ensemble mean cosmological power-spectrum and
corresponding uncertainty quantification. The inferred power-
spectrum recovers the underlying true signal and shows no sign
of bias throughout the entire range of Fourier-modes under con-
sideration. These result are also consistent with previous results
(see Jasche et al. 2010; Jasche & Wandelt 2013).

Furthermore, in our example case, the method also pro-
vides inferred three dimensional maps of the cosmic matter dis-
tribution. In Figure 2 we demonstrate ensemble mean estimates
of the density field and ensemble covariance maps quantifying
the corresponding uncertainty. The proposed method therefore
not only provides single estimates of signals, but also provides
means to quantify and propagate statistical uncertainties for any
finally inferred quantity, as is required for modern precision cos-
mology.

The ease of implementation, numerical and statistical e�-
ciency renders this method an ideal tool for large scale Bayesian
applications involving million dimensional problems and linear
data models. A particularly important feature of the method is,
that it only requires the ability to sample from uni-variate dis-
tributions and thus can be trivially implemented and tested by
even inexperienced users or can be used for rapid prototyping
and development of more complex inference frameworks.

In summary, we propose a statistical and numerically e�-
cient Gibbs sampling approach for the inference of a unknown
signal and its covariance matrix from observations subject to

c� 2014 RAS, MNRAS 000, 1–9
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Sampling	
  approaches	
  to	
  GRF	
  model	
  of	
  large	
  scale	
  structure	
  based	
  on	
  
previous	
  work	
  with	
  Jasche,	
  Kitaura,	
  Ensslin,	
  Wandelt	
  



Beyond	
  the	
  Gaussian	
  

•  Three	
  point	
  correla(ons	
  encode	
  shape	
  
informa(on	
  –	
  interest	
  for	
  geophysics?	
  

•  For	
  a	
  band-­‐limit	
  of	
  Lmax	
  there	
  are	
  O(Lmax
2)	
  

pixels	
  and	
  O(Lmax
6)	
  triangles	
  on	
  the	
  sphere	
  

•  For	
  an	
  isotropic	
  field	
  going	
  to	
  spherical	
  
harmonics	
  reduces	
  scaling	
  to	
  O(Lmax

5).	
  	
  

15/07/14	
   B.	
  Wandelt	
  



Bispectrum	
  measurement	
  

Theoretical template Isotropic m-dependence 

Weighted data 
bispectrum Variance-reducing 

linear term 



Mee(ng	
  the	
  computa(onal	
  challenge	
  

Ø Brute	
  force	
  implementa(on	
  unfeasible	
  for	
  Planck	
  data,	
  
Lmax ~ 2000	
  

Ø Key	
  idea:	
  KSW	
  –	
  factoriza(on	
  (Komatsu,	
  Spergel,	
  BDW,	
  arXiv:astro-­‐
ph/0305189	
  )	
  

	
  
Ø Gives	
  O(Lmax

3)	
  scaling:	
  	
  ~	
  106	
  	
  for	
  Planck	
  
Ø Generaliza(on	
  to	
  more	
  general	
  shapes	
  using	
  sums	
  of	
  
separable	
  templates	
  (Fergusson,	
  Liguori,	
  Shellard	
  arXiv:
0912.5516) 	
  	
  

Scales as O(Lmax
5) 



Conclusions	
  

•  Many	
  opera(ons	
  on	
  spherical	
  data	
  sets	
  are	
  
convolu(ons	
  

•  Going	
  to	
  torus	
  representa(ons	
  gives	
  new	
  
ways	
  of	
  acacking	
  hard	
  problems	
  and	
  massive	
  
speed-­‐ups	
  

•  GPU	
  accelera(on	
  for	
  radial	
  kernel	
  convolu(on	
  	
  
•  Compressed	
  convolu(on	
  reduces	
  redundancy	
  
for	
  large	
  filter	
  banks	
  


